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SLICE THEOREM FOR SEMIALGEBRAICALLY

PROPER ACTIONS

Sangwook Kim and Dae Heui Park∗

Abstract. Let G be a semialgebraic group which is not necessarily
compact. Let X be a semialgebraically proper G-set such that the
orbit space has a semialgebraic structure. In this paper we prove the
existence of semialgebraic slices of X. Moreover X can be covered
by finitely many semialgebraic G-tubes.

1. Introduction

A semialgebraic set is a subset of some Rn defined by finite number of
polynomial equations and inequalities. Throughout this paper we con-
sider the semialgebraic sets in Rn equipped with the subspace topology
induced by the usual topology of Rn. A continuous map f : X → Y be-
tween semialgebraic sets X ⊂ Rm and Y ⊂ Rn is called semialgebraic if
its graph is a semialgebraic set in Rm ×Rn. Note that all semialgebraic
maps are assumed to be continuous.

In this paper we discuss topological properties of semialgebraic sets
with semialgebraic actions of semialgebraic groups. Let X be a semial-
gebraic set and let G be a semialgebraic group which is not necessarily
compact. We say X is a semialgebraic G-set if the action θ : G×X → X
is semialgebraic. A semialgebraic G-set X is called semialgebraically
proper if the associated action

ϑ∗ : G×X → X ×X, (g, x) 7→ (θ(g, x), x)

is semialgebraically proper, i.e., ϑ−1∗ (C) is compact for every compact
semialgebraic subset C of X × X. Since C should be semialgebraic
in the definition, this notion is weaker than the condition that ϑ∗ is
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topologically proper. But we know that ϑ∗ is semialgebraically proper
if and only if it is topologically proper. However, when dealing with
semialgebraic objects, we only need the semialgebraical properness. For
this reason, we will only treat semialgebraically proper maps in this
paper.

The existence of a slice plays an important role on further develop-
ments in the theory of topological and smooth transformation groups.
When G is a compact Lie group and X is a completely regular G-space,
the existence of a slice was studied by Gleason [9], Montgomery and
Yang [12], and finally proved in the most general form by Mostow [13].

In this paper we prove the existence of slices in the semialgebraic
category. Namely we have the following theorem which is restated in
Theorem 4.3.

Slice Theorem. Let G be a semialgebraic group, and let X be a
semialgebraically proper G-set such that the orbit space X/G has a
semialgebraic structure. Then there exists a semialgebraic slice at every
point of X. Moreover X can be covered by finitely many semialgebraic
G-tubes.

When G is compact, this can be found in [4].

2. Semialgebraic sets and maps

In this section we review some background materials from the semi-
algebraic category. For the general theory of semialgebraic sets and
semialgebraic maps, we refer the reader to [1, 7].

The class of semialgebraic sets in Rn is the smallest collection of
subsets containing all subsets of the form {x ∈ Rn | p(x) > 0} for a
real valued polynomial p(x) = p(x1, . . . , xn), which is stable under finite
unions, finite intersections and complements.

Proposition 2.1. Let X and Y be semialgebraic sets.

(1) Every semialgebraic set has a finite number of path connected
components, which are also semialgebraic.

(2) If A is a semialgebraic subset of X, then then the closure A, the

interior
◦
A and the complement Ac in X are all semialgebraic.

(3) Composition of two semialgebraic maps is semialgebraic.
(4) Let f : X → Y be semialgebraic. If A is a semialgebraic subset of

X, then its image f(A) is semialgebraic. If B is a semialgebraic
subset of Y , then its preimage f−1(B) is semialgebraic.
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(5) Let f : X → Z and g : X → Y be semialgebraic. Assume f is
surjective. If h : Z → Y is a continuous map such that h ◦ f = g,
then h is semialgebraic.

X
g

&&NNNNNNNNNNNNN

f
²²²²
Z

h
// Y

(6) If f : X → Y is a semialgebraic homeomorphism, then the inverse
f−1 is automatically semialgebraic.

We now deal with the semialgebraic triangulation of semialgebraic
sets. Let a0, . . . , an be generically independent points of Rm. The n-
simplex 〈a0, . . . , an〉 spanned by a0, . . . , an is defined by

〈a0, . . . , an〉 =
{ n∑

i=0

tiai ∈ Rm |
n∑

i=0

ti = 1, ti ≥ 0
}
.

The open n-simplex (a0, . . . , an) spanned by a0, . . . , an is defined by

(a0, . . . , an) =
{ n∑

i=0

tiai ∈ Rm |
n∑

i=0

ti = 1, ti > 0
}
.

Note that the open 0-simplex (a) is equal to 〈a〉 from the definition.
Clearly both 〈a0, . . . , an〉 and (a0, . . . , an) are semialgebraic sets in Rm.

A finite open simplicial complex
(
K, (σi | i ∈ I)

)
is defined as a subset

of some Rm equipped with a partition (σi | i ∈ I) composed of a finite
number of open simplices σi in Rm, such that the intersection σ̄i ∩ σ̄j
of the closures of any two open simplices σi and σj is either empty or
a common face of σ̄i and σ̄j . Thus a finite open simplicial complex
K is obtained by deleting some open simplices from a “usual” finite
simplicial complex. The following theorem can be seen in many places,
for instance, [6, Section 2], [1, Chapter 9] and as classical references see
[11] for semi-analytic sets and [10] for algebraic sets.

Theorem 2.2. Let X be a semialgebraic set, and let X1, . . . , Xk be
semialgebraic subsets of X. Then there exist a finite open simplicial
complex K and a semialgebraic homeomorphism τ : |K| → X such that
each Xi is a finite union of some of τ(σ), where σ is an open simplex of
K.

We call such K a finite open triangulation of X compatible with
X1, . . . , Xk. Concerning semialgebraic maps, we have the following use-
ful result. See [1, Theorem 9.3.2] for the proof.
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Theorem 2.3 (Semialgebraic triviality). Let X and Y be two semi-
algebraic sets and f : X → Y a semialgebraic map. Then there ex-
its a finite decomposition of Y into semialgebraic subsets {Bi} such
that for each Bi there exists a semialgebraic homeomorphism ϕi : Bi ×
f−1(bi) → f−1(Bi) such that f |f−1(Bi) = pi ◦ ϕ−1

i , where bi ∈ Bi and

pi : Bi × f−1(bi) → Bi is the projection to the first factor.

Bi × f−1(bi)
ϕi //

pi
%%KKKKKKKKKK

f−1(Bi)

f{{ww
ww

ww
ww

w

Bi

3. Semialgebraically proper actions

In this section we summarize some results about semialgebraically
proper actions. For more details, see [14, 15, 16].

The definition of a semialgebraic group is given obviously, i.e., a semi-
algebraic set G ⊂ Rn is called a semialgebraic group if it is a topological
group such that the group multiplication and the inversion are semi-
algebraic. A semialgebraic homomorphism between two semialgebraic
groups is a semialgebraic map that is a group homomorphism. If H is a
subgroup and semialgebraic subset of a semialgebraic group G, then H
is called a semialgebraic subgroup of G.

Proposition 3.1. (1) Every semialgebraic group has a Lie group
structure, and hence locally compact.

(2) Every semialgebraic subgroup of a semialgebraic group is closed.
(3) The normalizer N(H) of a semialgebraic subgroup H of a semi-

algebraic group G is also a semialgebraic subgroup of G.
(4) Let G be a semialgebraic group and H a semialgebraic subgroup

of G. If gHg−1 ⊂ H for some g ∈ G, then gHg−1 = H.

For (topological) proper actions the following proposition appears in
[8, Section 1.3] whose proofs are straightforward.

Proposition 3.2. Let X be a semialgebraically proper G-set and let
x ∈ X, then

(1) the isotropy subgroup Gx = {g ∈ G | g(x) = x} is compact and
semialgebraic,

(2) the orbit G(x) = {gx ∈ X | g ∈ G} is a closed semialgebraic
subset of X,
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(3) the evaluation map θx : G → X, g 7→ gx, is semialgebraically
proper,

(4) the fixed point set XG = {x ∈ X | gx = x for all g ∈ G} is a
closed semialgebraic subset of X.

Let X be a semialgebraically proper G-set. If H is a semialgebraic
subgroup of G, then the restriction ϑ∗| : H × X → X × X of ϑ∗ is
semialgebraically proper; hence X is a semialgebraically proper H-set.
Moreover, if A is a G-invariant semialgebraic subset of X, then the
restriction ϑ∗| : G× A → A× A is semialgebraically proper; hence A is
also a semialgebraically proper G-set.

Here is a natural question. Does there exist a semialgebraic structure
of the orbit space X/G in the natural sense? A semialgebraic structure
(N, f) of X/G is a semialgebraic set N ⊂ Rk together with a semialge-
braic map f : X → N which is a topological quotient map of X by G.
In this case we can substitute X/G and the orbit map π : X → X/G
with N and f respectively. Scheiderer [17] gave us a partially positive
answer of this question as follows.

Theorem 3.3 ([17]). Let X be a semialgebraically proper G-set
which is locally compact. Then the orbit space X/G has a semialge-
braic structure such that the orbit map π : X → X/G is semialgebraic.

When G is compact, this was proved by Brumfiel [3]. We remark
that when G is compact, every semialgebraic G-set is semialgebraically
proper.

As a specific example of a semialgebraically proper action, we con-
sider the following situation; let G be a semialgebraic group and H a
semialgebraic subgroup of G. Then G can be seen as a semialgebraically
proper H-set where H acts by the right multiplication on G. Note that
every semialgebraic group is locally compact, hence that the quotient
space G/H has a semialgebraic structure.

We say two homogeneous semialgebraic G-sets are equivalent if they
are semialgebraically G-homeomorphic. Let (G/H) denote the equiva-
lence class of G/H. Moreover, the set of all equivalence classes of homo-
geneous semialgebraic G-sets has the natural partial ordering defined as
(G/K) ≤ (G/H) if there exists a semialgebraic G-map G/H → G/K.
Then (G/K) ≤ (G/H) if and only if H is conjugate to a subgroup of K.

When a homogeneous space X of G is equivalent to G/H, the conju-
gacy class (H) of H in G is called the isotropy type of X. For semialge-
braic subgroups H, K of G, a partial ordering ≤ is given by (H) ≤ (K)
if and only if (G/H) ≥ (G/K). For more details, see [2, 8].
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Let X be a semialgebraic G-set. As the theory of Lie group actions,
the natural map

αx : G/Gx → G(x), gGx 7→ gx

is a semialgebraic G-homeomorphism([14]). We define an orbit type map
from X to the set of equivalence classes of homogeneous semialgebraic
G-sets by type(x) = (G/Gx). We call type(x) the orbit type of x. The
following theorem is one of the main results of [15].

Theorem 3.4 ([15]). Every semialgebraically proper G-set has only
finitely many orbit types.

For a semialgebraic G-set X and a semialgebraic subgroup H of G,
we set

X(H) = {x ∈ X | (Gx) = (H)}
= {x ∈ X | Gx = gHg−1 for some g ∈ G}.

Then X(H) is the set of points on orbits of type (G/H).

Corollary 3.5. Let G be a semialgebraic group and H a semialge-
braic subgroup of G, and X a semialgebraically proper G-set. Then
X(H) is a semialgebraic G-subset of X.

Proof. In fact, it is proved in [14, Proposition 2.8] whenX has finitely
many orbit types. So it follows from Theorem 3.4.

Let X be a semialgebraically proper G-set and H a semialgebraic
subgroup of G. Then XH is a semialgebraically proper N(H)-set by
Propositions 3.1 and 3.2 where N(H) is the normalizer of H in G. As
in the theory of Lie groups, we have the following proposition.

Proposition 3.6. Let X be a semialgebraically proper G-set with
only one orbit type (G/H). Suppose that X/G has a semialgebraic
structure. Then XH/N(H) has a semialgebraic structure such that
the inclusion j : XH ↪→ X induces a semialgebraic homeomorphism
j̃ : XH/N(H) → X/G.

Remark 3.7. For a semialgebraic subgroup H of G and a semialge-
braically proper G-set X, the set

X(≥H) = {x ∈ X | (Gx) ≥ (H)}
= {x ∈ X | Gx ⊃ gHg−1 for some g ∈ G}

is a closed semialgebraic G-subset of X because X(≥H) = GXH . Since

(G/H) is the largest orbit type occurring in GXH , XH/N(H) has a
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semialgebraic structure such that the inclusion j : XH ↪→ GXH induces
a semialgebraic homeomorphism j̃ : XH/N(H) → GXH/G.

4. Semialgebraic slices

In this section, we prove the existence of semialgebraic slices for semi-
algebraically proper G-sets.

Definition 4.1. Let G be a semialgebraic group. Let X be a semi-
algebraic G-set and H a semialgebraic subgroup of G. A semialge-
braic subset S of X will be called a semialgebraic H-slice if GS is an
open semialgebraic subset of X and there exists a semialgebraic G-map
f : GS → G/H such that f−1(eH) = S. For x ∈ X a semialgebraic slice
at x means a semialgebraic Gx-slice S in X such that x ∈ S. We call
GS a semialgebraic G-tube about G(x).

Lemma 4.2. Let X be a semialgebraic set and A a closed semialge-
braic subset of X. Suppose that A is a semialgebraic strong deformation
retract of X. Then for a given semialgebraic neighborhood U of A there
is a closed semialgebraic neighborhood N of A contained in U with
a semialgebraic map ρ : X → U such that ρ(x) = x for x ∈ N and
ρ(X −N) ⊂ U −N .

Proof. See [5, Lemma 3.2].

We now prove the slice theorem for semialgebraically proper actions.

Theorem 4.3 (Slice Theorem). Let G be a semialgebraic group,
and let X be a semialgebraically proper G-set such that the orbit space
X/G has a semialgebraic structure. Then there exists a semialgebraic
slice at every point of X. Moreover X can be covered by finitely many
semialgebraic G-tubes.

Proof. Let x0 be a given point in X. By Theorem 3.4 X has finitely
many orbit types. Let {(G/Hi) | i = 1, . . . , n} be the set of orbit types
occurring in X. Each XHi is viewed as a semialgebraic N(Hi)-set. The
orbit map π : X → X/G restricts to πi : X

Hi → XHi/N(Hi). Note that
X = ∪n

i=1GXHi and X/G = ∪n
i=1X

Hi/N(Hi). We apply Theorem 2.3
to each πi, we get finitely many Bij such that ∪jBij = XHi/N(Hi) and

semialgebraic cross section sij : Bij → XHi . We simply write the in-
dex ij just as i. Now consider finite semialgebraic subsets B1, . . . , Br,
b0 = π(x0), and apply Theorem 2.2 to get a finite open semialgebraic tri-
angulation K of X/G compatible with the listed semialgebraic subsets.
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Then b0 is a 0-simplex. We can replace K by its barycentric subdivision.
Then the following three properties follow easily.

(1) For each open simplex σ ∈ K the closure σ̄ contains a 0-simplex,
(2) for each open simplex σ ∈ K there exists a semialgebraic cross

section s : σ → X of π : X → X/G = K, and
(3) every point in s(σ) has the same isotropy subgroup.

Let St(b0) denote the (open) star neighborhood of b0 = π(x0) in

X/G = K, and let St(k)(b0) be the k-th skeleton of St(b0). Let H0 =
Gx0 . We shall construct a continuous semialgebraic G-map
ψ : π−1(St(b0)) → G/H0, so that ψ−1(eH0) is a semialgebraic slice at x0
and π−1(St(b0)) is a semialgebraic G-tube about G(x0). The construc-
tion is done by inductive construction of semialgebraic G-maps

ψ(k) : π−1(St(k)(b0)) → G/H0.

For k = 0, because π−1(St(0)(b0)) = G(x0), we can take ψ(0) : G(x0) →
G/H0 to be the canonical semialgebraic G-homeomorphism. Assume we

have constructed a semialgebraic G-map ψ(k−1) that extends ψ(k−2). To
extend ψ(k−1) to ψ(k) semialgebraically (and continuously), it is enough

to consider a k-dimensional open simplex σ ⊂ St(k)(b0) where ψ(k−1) is

defined on π−1(σ̄∩St(k−1)(b0)) and extend ψ(k−1) to ψ(k) on σ̄∩St(k)(b0).
For notational convenience we simply denote δ and ∂δ for σ̄ ∩ St(k)(b0)

and σ̄ ∩ St(k−1)(b0) respectively. Note that
◦
δ = δ − ∂δ = σ. By (2), (3)

there is a semialgebraic cross section s :
◦
δ → XHk ⊂ X where (Hk) ∈

{(Hi) | i = 1, . . . , n}. Let δ̃ denote the closure of s(
◦
δ) in XHk . Then

π|δ̃ : δ̃ → δ is also semialgebraically proper, hence π|δ̃ is surjective.
We now claim that there exists a semialgebraic retraction

r̃ : δ̃ → δ̃ ∩ π−1(∂δ).

First triangulate δ̃ and take the open regular neighborhood Ũ of δ̃ ∩
π−1(∂δ) in δ̃. Since Ũ is open and π is an open map, U = π(Ũ) is an
open semialgebraic neighborhood of ∂δ in δ.

Since it is immediate that ∂δ is a semialgebraic strong deformation
retract of δ, we can apply Lemma 4.2 to find a closed semialgebraic
neighborhood N of ∂δ in U and a semialgebraic map ρ : δ → U such
that ρ(x) = x for x ∈ N and ρ(δ − N) ⊂ U − N . Now define r′ : δ̃ →
π−1(U) ∩ δ̃ = Ũ by

r′(x) =

{
s ◦ ρ ◦ π(x), x ∈ δ̃ − π−1(∂δ)

x, x ∈ δ̃ ∩ π−1(∂δ).
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Since ρ|N = id, s ◦ ρ ◦ π(x) = s ◦ π(x) = x for x ∈ π−1(N − ∂δ) ∩ δ̃.
Therefore the map γ′ is continuous. Since the regular neighborhood

Ũ has a semialgebraic retraction to δ̃ ∩ π−1(∂δ) the composition of r′

followed by this retraction gives a semialgebraic retraction r̃ : δ̃ → δ̃ ∩
π−1(∂δ).

Now consider the composition

r = ψ(k−1) ◦ r̃ : δ̃ → G/H0.

Since any element in π−1(δ) is of the form gx for some g ∈ G and x ∈ δ̃,
we can extend r to a semialgebraic G-map

rG : π−1(δ) → G/H0, gx 7→ gr(x).

This completes the inductive construction of a semialgebraic G-map

ψ : π−1(St(x0)) → G/H0.

This completes the existence of semialgebraic G-tube and slice at x0.
Since the triangulation K of X is finite, K has finitely many vertices,
say v1,. . . ,vl. By (1) it is obvious thatX can be covered by finite number
of G-tubes π−1(St(v1)), . . . , π

−1(St(vl)).

We conclude this paper with the following observation for semialge-
braically proper G-sets.

Proposition 4.4. Let X be a semialgebraically proper G-set and S
a semialgebraic slice at x. Then:

(1) The map ϕ : G×Gx S → GS defined by [g, s] 7→ gs is a semialge-
braic G-homeomorphism.

(2) The map κ : S/Gx → GS/G defined by [s] 7→ [s] is a semialgebraic
homeomorphism.

Proof. The maps are well-known to be (G-)homeomorphisms, see e.g.
[2, Chapter II]. That these maps are semialgebraic follows easily from
Proposition 2.1(5).
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